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History

In a biographical note, H. Bondi wrote in 1990:

“In summer 1955 there was a conference in Bern to commemorate that it was 50
years since Einstein had launched relativity [...] During the meeting, the divergence
of views became apparent on how “real” the gravitational waves were that arose in
the new mathematical apparatus of general relativity. A few months earlier, I had
arrived at King’s College, London, as a new professor of mathematics and felt that
general relativity would be a good focus of interest for the applied side of our
department. After Bern [...] I was determined that gravitational waves should
become the very center of our interest [...]” [From: “Gravitational Waves in General Relativity” by H. Bondi

1990]



History

Sir H. Bondi, ∗1919 †2005

Bondi and others (van der Burg, Geroch, Metzner,
Penrose, Pirani, I Robinson, Sachs, Trautman, ...)
carried through this programme over the next ten
years or so. Bondi himself was involved in a series
of about ten papers with various coworkers on the
mathematical theory of gravitational waves in
General Relativity. The pivotal paper in the series
is:

“Gravitational Waves in General Relativity. VII. Waves from Axi-Symmetric Isolated
Systems,”

[Bondi, van der Burg, Metzner 1962]



History

That paper was restricted to axi-symmetric solutions, but a closer look
shows that this simplification is not really essential and that the main insights
generalize. These are:

▶ Derivation of “Bondi coordinates” and explanation of their geometric
significance

▶ Asymptotic expansion in 1/r of “wave-like” solutions in General
Relativity (no log r terms)

▶ Identification of residual “asymptotic symmetries” (“BMS group”) and
explanation of their geometric significance. Later in this talk → special to
four dimensions

▶ Characterization of “information” carried by gravitational waves
(“news”). Later in this talk → Fisher information matrix

▶ Proof that: no news ⇐⇒ stationary, proof completed in [Geroch 1977] Later in this talk
→ higher dimensions



Conformal Infinity

A year later R. Penrose introduced conformal techniques into the subject:

“Asymptotic properties of fields and space-times,”
[Penrose 1963]

This method makes more transparent the geometric nature of asymptotic
conditions (“null infinity”). The idea is to select a suitable conformal factor
Ω(x) and to consider a conformally rescaled metric

ds̃2 = Ω(x)2ds2

in such a way that infinity becomes a “place” in an unphysical spacetime
M̃ = M ∪ I with conformal boundary I = “scri”. More precisely, the
rescaled metric g̃ should be smooth at I , and Ω = 0, dΩ ̸= 0 at I .

NOTE:
The existence of a conformal envelope I is a condition on asymptotics, i.e. a
requirement!



Asymptotic flatness

General guiding principles for asymptotic/boundary conditions

(I) The asymptotic conditions should not rule out solutions representing
interesting dynamical processes in the interior of the spacetime, i.e.
should not implicitly require fine-tuned restrictions on initial data on a
Cauchy surface S

(II) The asymptotic conditions should be sufficiently strong so as to be able
to define global quantities associated with the spacetime. These are
typically generators of remaining ”asymptotic symmetries”

▶ Completely straightforward at spatial infinity. By [Corvino & Schoen 2000], [Chrusciel &

Delay 2002], we are free to even impose exact Kerr/Myers-Perry near spatial
infinity, because we can glue this to any compact initial data set. =⇒
ADM quantities.

▶ Highly non-trivial at null infinity, because one wants to impose Einstein’s
equations, Ricg = 0 onto the spacetime, which pose an initial value
problem. =⇒ not free to impose asymptotic conditions at will.



Asymptotic flatness

For exactly what type of initial data on a Cauchy surface S in the interior of
the spacetime are the asymptotic conditions satisfied? The answer to this
highly non-trivial question is open in general. It is however known that:

▶ The asymptotic conditions are linearly “stable” [Geroch & Xanthopoulos 1977] in
d = 4 dimensions, and also in even d > 4 dimensions [Hollands & Ishibashi 2005]

▶ They are satisfied for generic non-linear, but small, perturbations off
Minkowski spacetime [Christodoulu & Klainerman 1993 (d = 4), Choquet-Bruhat, Chrusciel, Loizelet 2006

(d > 4)]

▶ A large class of spacetimes satisfying asymptotic conditions semi-locally
can be obtained via characteristic initial data formulation of Einstein’s
equation [Friedrich 1982, 2002 (d = 4), M Anderson & Chrusciel 2005 (d > 4)]

The subject of this talk is what one can learn if asymptotic flatness conditions
a la Penrose/Bondi are imposed.



Relation with Bondi coordinates, BMS symmetry I

There is a lot of freedom to choose Ω, but things become particularly nice if
we make a special choice that brings the metric into “Conformal Gaussian
Null form.” Then, putting

r =
1

Ω
= luminosity distance ,

we have

ds2 = −2du(dr + α du+ rβA dzA) + r2γAB dzAdzB ,

and we can then make expansions of the type

γAB ∼
∞∑
n=0

r−n γ
(n)
AB(u, z) etc.

and one shows for instance that the leading term in γAB equals sAB =
standard metric on Sd−2. For instance, Schwarzschild spacetime:

α =
1

2
+
M

r
, βA = 0 , γAB = sAB .



Bondi coordinates/Scri

The geometric nature of the “Bondi” coordinates (u, r, zA) is as follows:



Relation with Bondi coordinates, BMS symmetry II

It is clear from the drawing that the remaining freedom for the coordinate
system is a combination of:

▶ We can change the surface Σ(u = 0), i.e. the place where u = 0.
▶ We can apply a conformal transformation to the angular coordinates zA.
▶ We can change the affine parameterization of the geodesics

parameterized by r.

The first transformation which is u 7→ u+ T (z) on I , is of main interest in
this talk. It is generated by the vector field

X = T (z)
∂

∂u
+ . . .

where T is any smooth function on the “celestial sphere”. These vector
fields are called (infinitesimal) “BMS super translations”.

▶ Ordinary time translations correspond to T = (constant)
▶ Ordinary spatial translations correspond to T = (l = 1 spherical

harmonic). “Dipole” vector ↔ direction of translation.



BMS supertranslation

The geometric significance of a BMS super translation T (z) is this:



Basic setup

We would now like to study the following situation: We have a spacetime
that is stationary before some advanced time u0 and then again after some
some advanced time u1:

We ask: what is the relationship between the metrics before u0 and after u1?



Stationary metrics

We first ask what we can learn about the asymptotic expansion of a stationary
metric. By this we mean that there is an asymptotic symmetry K which is
time-like near infinity I and which is actually an exact symmetry:

£Kg = 0 , Ricg = 0 .

We learn the following: There is an asymptotic boost ϕ and an asymptotic
super-translation ψ putting the metric into a “standard frame”[Hollands, Ishibashi, Wald

2016] .

Standard frame for stationary metrics

This means that ψ∗ϕ∗g has the following properties:

▶ γ
(n)
AB = β

(n)
A = α(n) = 0 up to 1 ≤ n ≤ d− 4,

▶ β
(0)
A = β

(d−3)
A = γ

(d−3)
AB = 0, and α(0) = 1/2, γ

(0)
AB = sAB, α

(d−3) =
constant.

and such that ψ∗ϕ∗K = ∂/∂u



Non-stationary metrics

For radiating (non-stationary) metrics, we learn the following: There is an
asymptotic boost ϕ and an asymptotic super-translation ψ putting the metric
into a “standard frame”[Hollands, A Thorne 2014] .

Standard frame for radiating metrics

This means that ψ∗ϕ∗g has the following properties:

▶ γ
(n)
AB = β

(n)
A = α(n) = 0 up to 1 ≤ n ≤ d/2− 2,

▶ various differential relations between γ(n)AB, β
(n)
A , α(n) in range

d/2− 1 ≤ n ≤ d− 3

▶ β
(0)
A = 0, α(0) = 1/2, and γ(0)AB = sAB

=⇒ difference between d = 4 and d > 4



Difference between stationary and radiating metrics:

Basic conclusion

▶ For radiating metrics, non-trivial metric components appear at order
r−d/2+1

▶ For stationary metrics, non-trivial metric components appear at order
r−d+3

▶ These orders are equal only for d = 4

▶ Quantities characterizing radiation defined in terms metric components
of order r−d/2+1, e.g. news = −∂uγ(d/2−1)

AB

▶ Quantities characterizing Bondi energy E, momentum P etc. are
defined in terms metric components of order r−d+3, e.g. α(d−3)

▶ These orders are equal only for d = 4

This implies that the proof of the Positive Bondi Mass Theorem E ≥ |P| is
more involved in d > 4, but nevertheless possible [Hollands & A Thorne 2014]



Difference between d = 4 and d > 4:

Now we return to situation with two stationary epochs interrupted by a
non-stationary (radiation) epoch. We have learned that the standard rest
frames before and after the radiation epochs are related by an asymptotic
boost, ϕ, and an asymptotic super translation, ψ.

d = 4 vs d > 4

▶ In d = 4, the standard rest frames differ in general by a non-trivial boost
and super-translation.

▶ In d > 4, the standard rest frames differ in general by a boost, but no
super translation.

In any dimension, the relative boost is precisely that which transforms the
Bondi d-momentum (E,P) before the radiation epoch into that after the
radiation. In dimension d = 4 the relative super-translation is related to the
gravitational memory, as also observed by [Lysov & Strominger 2015].



Formula for relative supertranslation in d = 4

In any even d, the Bondi news is [Hollands & A Thorne 2014]:

news = −∂uγ(d/2−1)
AB

The flux of gravitational radiation per “angle” z is

F(z) =
1

32π

∫
du news(u, z)2 .

which can be decomposed into quadrupole, octupole, ... F (2),F (3),...
contributions. The relative super-translation is then [Hollands, Ishibashi, Wald 2016]

T (z) ∝ (E −P · z) log(E −P · z)
∣∣∣∣u1

u0

− 8π

∞∑
l=0

F (l+2)
i1...il+2

zi1 · · · zil+2

(l + 1)(l + 2)(l + 3)(l + 4)
,



Geometric interpretation

The geometric interpretation is illustrated in following figure.



Memory effect

Gravitational Memory I

The memory effect is the permanent displacement of an arrangement of
freely floating test masses, initially at rest, that is produced by the passage of
a burst of gravitational radiation.

xA
∣∣∣∣u1

u0

= r−d/2+1 ∆A
B xB

∣∣∣∣
u0

where xA = displacement vector, ∆A
B = memory tensor.

It was first discovered in [Zel’dovich & Polnarev 1974, Braginsky & Grishchuk 1985, Braginsky & Thorne 1987] in
the context post-Newtonian approximations to full general relativity. Later
[Christodoulu 1991] showed that there is also a contribution to memory arising from
gravitational energy fluxes. The relationship between these considerations
was clarified by [Wiseman & Will 1991,Thorne 1992,...], and more recently by [Bieri & Garfinkle 2014, Tolish

& Wald 2015, ...].



Memory effect II

Illustration of memory tensor ∆A
B



Memory effect III

To compute memory tensor, recall that the acceleration between nearby
test-masses separated by xA in asymptotic region is described by geodesic
deviation equation:

d2

du2
xA = RA

uBu x
B

The asymptotic form of the Riemann tensor can be inferred using Einstein’s
equations [Hollands & A Thorne 2014]. One finds

No Memory in d > 4

▶ In even d > 4, ∆AB = 0 [Hollands, Ishibashi, Wald 2016]

▶ In d = 4, instead ∆AB = DADBT− (trace), where T is the super
translation relating the standard frames before/after the radiation epoch.
[Lysov & Strominger 2015]



Conclusions

No Memory, no super translations in d > 4

▶ In d = 4 dimensions, if we have initially and finally stationary metrics,
their “standard frame” is related by an asymptotic boost and an
asymptotic super translation. The asymptotic super translation, T , is a
“potential” for the gravitational memory tensor. Thus, in d = 4 it is
impossible to bring the metrics in a stationary epoch into a preferred
reference rest frame.

▶ In even d > 4, the initial and final metrics are related by a boost, but no
super translation. The memory tensor is zero, and it is possible to bring
the metrics into a standard reference rest frame. By doing so, it is
possible to reduce the asymptotic symmetry group from the BMS-group
to the Poincaré group.

▶ In d > 4, one is free not to make this reduction. But then no conserved
quantity conjugate to super translation can be constructed on phase
space [Hollands & Ishibashi 2005]



Conclusions

Can BMS supertranslation(charge) “store” information?

▶ T (z) certainly contains information about the radiation emitted.
▶ But it cannot be inferred locally within the portion of spacetime after

radiation was emitted. One has to know entire spacetime.
▶ Statement remains true in quantum case (abelian gauge theory
T (z) = eiα(z) = gauge trafo at infinity). [Buchholz & Roberts 2014]



Observations & Speculations

Instead of a spacetime that is stationary, radiates, and then is again stationary,
we may consider a scattering/collision scenario: We scatter/collide black
holes initially far apart and with Bondi 4-momenta (Eα,Pα) and assume that
at late times we get outgoing black holes with Bondi 4-momenta (E′

α′ ,P′
α′).

At very early/late times, the black holes are far apart and the spacetime is
nearly stationary. It is conceivable that we may be able to define a super
translation T (z) describing the relative difference of the standard frames at
early/late times. Define

S = −
∑
α

pα log pα , pα =
Eα −Pα · z

E
.

before/after the collision/scattering, where E =
∑

β Eβ total Bondi energy
before/after. Then we conjecture

T ∝ ES

∣∣∣∣out
in

− 8π(flux term) .

with same flux term as earlier.



Evidence

▶ The formula is a generalization/extrapolation of the rigorous formula
given earlier. It is true in the test-particle approximation (replacing the
BHs by scattering point-like particles in the manner of [Tolish & Wald 2015]),
without the flux term, which is absent in this approximation.

▶ The displacement tensor would then be related to the Fisher
information of the “probability distributions” {pα}.

▶ S has an obvious mathematical analogy with v. Neumann’s formula for
the entropy of a probability distribution. I am unsure whether this is a
coincidence.


